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Abstract. We calculate the optical Hall conductivity within the Kubo formalism for systems with gapped
spectral nodes, where the latter have a power-law dispersion with exponent n. The optical conductivity is
proportional to n and there is a characteristic logarithmic singularity as the frequency approaches the gap
energy. The optical Hall conductivity is almost unaffected by thermal fluctuations and disorder for n = 1,
whereas disorder has a stronger effect on transport properties if n = 2.
PACS. XX.XX.XX No PACS code given
1 Introduction
Transport properties of systems with two bands and spec-
tral nodes are of great interest, as recent studies of graphene
have indicated. A prototype of this material class is mono-
layer graphene (MLG) which is a monoatomic sheet of car-
bon atoms arranged in a honeycomb lattice with unique
transport properties. This is a consequence of the two–
dimensional nature of the material and due to the band
structure which consists of two separate bands touching
one another at isolated nodes. In the vicinity of these
nodes quasiparticles exhibit a linear spectrum. The main
difference between MLG and bilayer graphene (BLG) is
that the low–energy excitations of the latter have a quadratic
spectrum [1,2]. For the longitudinal conductivity this dif-
ference causes a factor of 2 for the DC conductivity [3,
4] and also for the optical conductivity [5]. Additionally,
we found a logarithmic singularity in the optical Hall con-
ductivity for MLG in an earlier work [6]. This leads to the
question how a change of the low–energy spectrum around
the nodes affects the quantum Hall properties and the sin-
gularity, e.g., for a few layers of graphene. For this purpose
we generalize our model and assume that the spectrum in
a small vicinity of the node is a power law with integer
n (n ≥ 1). We will call this spectral structure a node of
order n.
An intriguing phenomenon in graphene is the quan-
tum Hall effect (QHE) which was already observed in the
first experiments on graphene [7]. It exhibits a rather un-
expected anomalous behavior. In contrast to the QHE in
a two–dimensional electron gas of a semiconductor, the
Hall plateaux appear antisymmetrically around zero car-
rier density [1]. The existence of these plateaux is com-
monly explained by a nonzero Berry phase [1,7,8,9]. Ad-
ditionally, the magnitude of the Hall conductivity of the
first plateau is for BLG twice the corresponding value of
MLG [1]. Similar effects appear in the case of rhombo-
hedral (ABC) stacked trilayer graphene where the first
plateau is found to be three times higher than in MLG [10].
It is widely accepted that the QHE occurs in semimetals
as a consequence of a gap opening and broken time re-
versal symmetry. Usually, this is achieved by applying a
magnetic field perpendicular to the 2D plane, whereas the
gap opening alone can be obtained by hydrogenation of
MLG [11] or by a double gate in the case of BLG [2]. The
optical Hall conductivity was calculated for graphene in a
homogeneous magnetic field [12,13,14].
An alternative way for observing the QHE was sug-
gested by Haldane, using a periodic magnetic flux on the
honeycomb lattice [15]. Such a periodic flux can be gener-
ated by a spin texture, realized by spin doping of graphene
[6]. The main effect of the periodic flux is that the mass
terms in the two valleys can be tuned independently. Then
the QHE appears when the mass signs in the two valleys
are different because the Hall conductivity reads [6]
σxy = [sgn(m)− sgn(m′)] e
2
2h
. (1)
A similar case is a 3D topological insulator whose surface
is covered with magnetically ordered spins [16]. The spins
break the time-reversal invariance and open a gap in the
surface Dirac cones.
2 Model
In the following we calculate the Hall conductivity for
low–energy quasiparticles in the vicinity of a node with
a uniform gap and a power–law spectrum with integer
exponent. Then the low–energy Hamiltonian, describing
electrons in systems with spectral nodes with a uniform
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gap ∆ = 2m, reads in Fourier representation as
H = γ
(
γm (kx − iky)n
(kx + iky)
n −γm
)
, (2)
where n = 1 should be associated with MLG and n =
2 with BLG. For general order n the eigenvalues of the
Hamiltonian are
El = (−1)lE, E = γ
√
(γm)2 + k2n , (3)
where l = 0 (l = 1) refer to the upper (lower) band, re-
spectively. The band parameter γ is for example in MLG
γ = vF [17] and in BLG γ = v
2
F /γ1 [18], where vF is the
Fermi velocity and γ1 is the interlayer coupling constant.
To simplify the notation we drop indices for spin– and
valley degeneracy and put γ equal to unity. The corre-
sponding eigenvectors are
ψ±k (r) =
√
E ∓m
2E
(
(kx−iky)
n
±E−m
1
)
exp(ik · r) . (4)
If the stacking order of the layers is of type ABC, n can
be associated with the number of layers, and the effective
low-energy Hamiltonian is given by Eq. (2) [19,20].
3 Optical Hall conductivity
The Hall conductivity can be calculated as the off–diagonal
element of the Kubo conductivity tensor:
σµν = lim
α→0
i
h¯
∫ ∑
l,l′
〈El|jµ|El′〉〈El′ |jν |El〉
El − El′
×f(El′ − EF )− f(El − EF )
El − El′ + ω − iα
d2k
(2π)2
, (5)
where EF represents the Fermi energy, f(E) = 1/(1 +
exp(βE)) the Fermi–Dirac distribution at the inverse tem-
perature β and ω the frequency of the external field. The
current operator
jµ = ie[H, rµ] (6)
with rµ = i∂/∂kµ has vanishing diagonal elements. First
we calculate current matrix elements defined in (5). Due
to rotational symmetry of the model, the use of polar coor-
dinates is more convenient. Since the angular variable en-
ters only the current matrix elements, the corresponding
integration can be carried out separately. The intraband
matrix elements
∫ 2pi
0
〈±E|jx| ± E〉〈±E|jy | ± E〉dϕ =
4e2
∫ 2pi
0
n2 k4n−2
cos(ϕ) sin(ϕ)
4E2
dϕ = 0 (7)
vanish after angular integration. The nonvanishing inter-
band contribution of the matrix elements reads
∫ 2pi
0
〈±E|jx| ∓ E〉〈∓E|jy | ± E〉dϕ =
±
∫ 2pi
0
ie2n2
k2n−2
E2
{
mE + ik2n cos(ϕ) sin(ϕ)
}
dϕ =
±i2 πe2 n2 k2n−2 m
E
. (8)
The current matrix elements are imaginary. In order to
obtain the real part σ′µν of σµν we have to evaluate a
Cauchy principal value integral
σ′µν =
i
h¯
∫ ∑
l′ 6=l
2e2 iπ n2 k2n−2
m
El
1
El − El′
×f(El′ − EF )− f(El − EF )
El − El′ + ω
k dk
(2π)2
. (9)
Substituting the k integration by an integration over the
energy E =
√
m2 + k2n, the corresponding Jacobian be-
comes
J =
(
∂E
∂k
)−1
=
E
nk2n−1
. (10)
All powers of k in the integrand cancel each other, such
that the real part of the Hall conductivity reduces to the
simple expression
σ′xy =
ne2m
πh¯
∫ ∞
|m|
f(−E − EF )− f(E − EF )
4E2 − ω2 dE . (11)
The imaginary part is given by
σ′′xy =
ne2m
πh¯
∫ ∞
|m|
f(−E − EF )− f(E − EF )
2E
× [δ(2E + ω)− δ(2E − ω)] dE. (12)
In the limits T → 0 and EF → 0 we obtain [6]
σ′xy =
n
2
e2
h
m
ω
ln
∣∣∣∣2m+ ω2m− ω
∣∣∣∣ , (13)
σ′′xy = −
ne2
h
m
ω
θ(ω − 2m) . (14)
For n = 1 and n = 2 this result was also found indepen-
dently by other authors [21,22,23] and reduces in the DC
limit ω → 0 to
σ′xy = sgn(m)
n
2
e2
h
, σ′′xy = 0 . (15)
This DC result was also found for n = 1 [24,25]. Hence,
the DC Hall conductivity is a nonzero constant, in units
of e2/h, which is proportional to the spectral exponent n.
The real part of the optical Hall conductivity increases
with ω for ω < 2m and decays like ω−1 for large ω. Re-
markable is the singularity of σ′xy at ω = 2m in Eq. (13). It
appears when the external frequency ω is equal to the gap
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of the electronic system and was also discussed in the con-
text of a band transition [6,26]. This point of the frequency
spectrum separates two different regimes of the two-band
model: For ω > 2m the electronic system can absorb a
photon from the external field and create a particle-hole
pair, whereas this effect is forbidden for ω < 2m. The real
part of the longitudinal conductivity undergoes a jump
at ω = 2m from σ′xx = 0 if ω < 2m to σ
′
xx ≈ e2/h if
ω > 2m [6]. The divergent Hall conductivity can be un-
derstood as a combined effect of particle-hole creation and
an unhindered propagation of the particle-hole pairs. This
propagation is given by the electronic two-particle Green’s
function (H−ω/2+ iǫ)−1(H+ω/2− iǫ)−1 [27], which has
an exponential decay for ω < 2m, a power law decay at
ω = 2m and an oscillating behavior for ω > 2m. The sin-
gularity of the optical Hall conductivity could be used to
determine the gap experimentally either by light [28] or
synchrotron radiation [29].
3.1 Finite temperatures
In figure 1 we show a plot of expression (11) as a func-
tion of ω and different temperatures. The Hall conduc-
tivity scales with n. This is in agreement with QHE ex-
periments, where the plateau of BLG around zero carrier
density is two times larger than in MLG [1,7] and for
trilayer graphene three times larger than in MLG [10].
The temperature dependence is controlled by the energy
scales of the system. In graphene, a relevant energy scale
is either the hopping parameter t ≈ 2.8eV or the gap
with a similar energy, which corresponds to a tempera-
ture ≈ 32.5× 103K. Therefore, expression (11) is insensi-
tive over a wide range of temperatures T ≪ TF , as shown
in figure 1. In particular, the gap singularity of the optical
Hall conductivity survives. For very high temperatures,
however, the Hall conductivity is reduced and goes even-
tually to zero. This is shown for fixed frequency ω in figure
2.
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Fig. 1. Frequency and temperature dependence of the optical
Hall conductivity.
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Fig. 2. Optical Hall conductivity near the singularity as a
function of the inverse temperature β.
3.2 Disorder
We have seen that thermal fluctuations have almost no
effect on the singularity at ω = 2m. Since graphene is also
subject to disorder effects (ripples, impurities, etc.), we
study their influence on the singularity in the following.
Complementary to [16], where the Hall conductivity of
Dirac fermions in a random vector potential is calculated
numerically, disorder is introduced here via a scattering
rate within the self-consistent Born approximation. This
is a good approximation for one-particle properties such
as the density of states, it fails for the DC (ω → 0) conduc-
tivity though due to singularities at ω = 0 [30]. However,
it is reliable again for the optical conductivity if ω ≫ η
because the frequency plays the role of a cut-off for the
singularities. The latter is also the reason that the opti-
cal conductivity is not very sensitive to the type of disor-
der (e.g., scalar potential, vector potential or gap fluctu-
ations) and the details of the scattering type (e.g., intra-
and inter-valley scattering). Thus returning to the Kubo
formula (5), we can rewrite the conductivity as (cf. [27])
σµν = lim
α→0
i
h¯
∫ ∫ 〈Tr [jµδ(Hdis − ǫ′)jνδ(Hdis − ǫ)]〉
ǫ− ǫ′ + ω − iα
× fβ(ǫ
′ − EF )− fβ(ǫ − EF )
ǫ− ǫ′ dǫdǫ
′ , (16)
where 〈...〉 represents the disorder average. The latter can
be approximated in the self-consistent Born approxima-
tion by replacing the Hamiltonian Hdis by 〈Hdis〉+ iη [5].
The average Hamiltonian 〈Hdis〉 is the same as the Hamil-
tonian in (2) and η is the scattering rate caused by the
disorder. This implies that we have to replace the Dirac
delta functions in (16) as
δ(Hdis − ǫ)→ δη(H − ǫ) =
i
2π
[
(H − ǫ+ iη)−1 − (H − ǫ− iη)−1] . (17)
In MLG the scattering rate is η ∝ exp(−π/g) [31], where
g is the variance of the random gap. In BLG, on the other
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hand, η is proportional to the variance g, which implies
that the influence of disorder on BLG is much stronger.
This difference is a consequence of the finite (divergent)
density of states at the band edges of MLG (BLG). Re-
alistic fluctuations in graphene near the Dirac node are
less than a tenth of the hopping rate g ≈ 0.1, which can
be obtained by extrapolating the measured data obtained
away from the Dirac node [32]. This results in scattering
rates η ≈ 2× 10−14 (MLG) and η ≈ 0.1 (BLG).
Now the trace in Eq. (16) can be expressed again in
diagonal representation as
Tr [jµδη(H − ǫ′)jνδη(H − ǫ)] =∫
〈El|jµ|El′〉〈El′ |jν |El〉
δη(El − ǫ′)δη(El′ − ǫ) k dk
(2π)2
. (18)
After angular integration (cf. (8)) and transforming the
k–integral to an energy integral the conductivity reads
σ′xy =
e2nm
2πh¯
∞∫
|m|
∞∫
−∞
∞∫
−∞
fβ(ǫ
′ − EF )− fβ(ǫ− EF )
(ǫ − ǫ′)(ǫ − ǫ′ + ω)
× [δη(E − ǫ′)δη(−E − ǫ)− δη(−E − ǫ′)δη(E − ǫ)]
×dǫdǫ′dE. (19)
We evaluated expression (19) for T = 0 and µ = 0 nu-
merically for several values of η. The results are depicted
for the real and imaginary part of the optical Hall con-
ductivity in figures 3 and 4. One can see that the Hall
plateaux remains nearly constant for all η under consid-
eration, whereas the singularity is broadened.
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Fig. 3. Real part of the optical Hall conductivity for different
values of the scattering rate η.
4 Conclusion
In this work we have studied the optical Hall conductivity
for systems with gapped nodes of order n. Our calculations
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Fig. 4. Imaginary part of the optical Hall conductivity for
different values of the scattering rate η.
indicate that the DC Hall conductivity for n = 1 and for
n = 2 only depends on the sign of the mass term and on
the exponent of the low–energy spectrum. It reproduces
the experimentally observed factor of 2 for BLG. Interest-
ing is that the optical Hall conductivity is quite insensitive
to thermal fluctuations over a wide range of temperatures.
The effect of the curvature of the low–energy spectrum is
also surprisingly simple: The optical Hall conductivity is
only multiplied by the factor n, as it was also found for
n = 1, 2 in case of the longitudinal optical conductivity. It
also reflects the n dependence of the visual transparency
of multilayer graphene [28]. Interestingly, there is a loga-
rithmic singularity in the optical Hall conductivity when
the frequency ω of the external AC field becomes equal
to the gap of the electronic system. The appearance of
the singularity in our calculations is related to the onset
of particle–hole excitations for ω ≥ 2m. Although ther-
mal fluctuations have no effect on this singularity, disorder
may soften it in the case of n > 1, where the scattering
rate η can be large. In n = 1 case, where the scattering rate
is very small, the singularity of the optical Hall conduc-
tivity is almost unaffected. Consequently, the singularity
could be used to determine the gap in MLG or topological
insulators by measuring the optical Hall conductivity.
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